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1. INTRODUCTION 
Let [T(t), t > 0] be a strongly continuous semigroup of bounded linear 
operators with generator A on a Hilbert space H. The semigroup is said to be 
w(weakly)-stable if for x and y in H: [ T(t)x, y] -+ 0, t -+ co, and to be s(strongly)- 
stable if for each x in H: 11 T(t) x 11 -+ 0, t --f co. If the semigroup is not stable 
and suppose that a perturbation operator D (say) can be found so that the 
operator A + D generates a stable semigroup [Z(t), t > 0] (say), then [Z’(t), 
t > 0] is said to be stabilizable. 
In control theory the generator A of a semigroup [T(t), t 2 0] on H is often 
associated with a system (A, B), i.e., the abstract differential equation 
tt = Ax + Bu, (l-1) 
where B is a bounded linear operator from another Hilbert space U--the control 
space--to H--the state space. In this framework the operator A can be perturbed 
by means of a feedback operator F: H --+ U, u = Fx. Equation (1.1) then 
becomes 
ji = (A + BF)x. (1.2) 
Thus the stabilizability problem for a system (A, B) becomes that of finding 
a feedback F so that A + BF generates a stable semigroup. 
For the case of a contraction semigroup-i.e., one whose norm is less than or 
equals to 1 --the problem was first studied by Slemrod [l, 21 using the LaSalle 
Invariance Principle of stability theory. Recently, O’Brien [3] and Benchimol [4] 
also studied w-stabilizability of contraction semigroups, using canonical decom- 
positions of contractions due to Nagy and Foias, and to Foguel. In [5] we studied 
s-stabilizability of a class of contraction semigroups. However, up to date, as far 
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as we know, no general results on s-stabilizability of an arbitrary contraction 
semigroup are yet available. 
In this paper we wish to give some stability results for contraction semigroups. 
These will be the key for obtaining necessary and sufficient conditions for s- 
stabilizability. 
The Nagy-Foias and the Foguel canonical decompositions are recalled in 
Section 2. A third decomposition will then be introduced which, when combined 
with the above two decompositions, will result in a structure of a contraction 
semigroup with respect to s-stability. Section 3 is devoted to s-stabilizability 
of a contraction semigroup. The notion of *-controllability will be introduced 
and it will be shown that, in many situations, *-controllability implies s-stabiliza- 
bility, while either controllability or *-controllability will imply w-stabilizability. 
2. DECOMPOSITION THEOREMS FOR HILBERT SPACE CONTRACTION SEMIGROUP~ 
We recall in this section the Nagy-Foias and the Foguel decomposition 
theorems. A third theorem will then be introduced which proves to be the key 
of the paper. 
Let H be a complex Hilbert space with inner product [., .] and norm /I . 11. 
By a semigroup [T(t), t 3 0] on H we always mean a strongly continuous 
semigroup of bounded linear operators over H-i.e., of the class C,, . 
A bounded linear operator Ton His said to be isometric if T*T = I, where 
T* is the adjoint operator and I denotes the identity operator on H, to be 
unitary if T*T = I = TT*, and to be a contraction if 11 T 11 < 1. A closed 
subspace M of H is invariant for T if TM c M. If M is invariant for both T and 
T* then it is a reducing subspace. Let Pnf be the orthogonal projection operator 
on H with range M, then the operator P,wTP,, is called the compression of T 
to M. If M is invariant for T then P,b,TP,I = TP,, , hence it is called the 
restriction of T to M and is denoted by T 1 M. 
We begin with 
DEFINITION 2.1 [6]. A contraction T on H is said to be completely non- 
unitary (cnu) if the only subspace M of H on which P,{TP,\, acts unitarily is 
the trivial subspace (0). 
The following simple properties of a contraction will be useful in the 
sequel. 
LEMMA 2.1. Let M be a subspace of H. If for a contraction T on H the com- 
pression PMTPnr is isometric then M is invariant for T. If P,,TP,, is unitary then M 
reduces T. 
*-CONTROLLABILITY AND STABILIZABILITY 63 
Proof. Since P,TP, is isometric we have, for each m in M: 
But 
II m 11’ = II PMTm II2 < II Tm I2 < II m l12. 
11 Tm Ii* = II P,WTm ‘I2 + l\(Z - P,v) Tm li2. 
Therefore it follows that 
(I - PSM) Tm = 0, for each m in &I, 
which implies that M is invariant for T. This proves one half of the lemma. 
Similarly for the other half and the proof is finished. 
It is clear from this lemma that the subspace M in Definition 2.1 can taken 
to be reducing. The following theorem is due to Nagy and Foias. 
THEOREM 2.1 [6]. For a contraction semigroup [T(t), t 3 0] on H there are 
reducing subspaces Hu and H,,,---either one of them may be tritil-such that 
T(t) I H,, is unitary and T(t) I H cnu is completely nonunitay. The space H 
admits the un@ue orthogonal decomposition 
where 
Hu = {x in H, II T(t)x !I = [I x II = 1: T(t)*x 11, t 3 0} (2.2) 
is the maximal reducing subspace on which the semigroup is unitary. 
It follows at once from this theorem that a contraction semigroup [T(t), 
t > 0] and its adjoint [T(t)*, t 3 0] can only be unitary or cnu on Hu or on Hen,, . 
Therefore if [T(t), t > 0] is cnu then so is [T(t)*, t >, 01. 
The next theorem is due to Foguel. 
THEOREM 2.2 [7]. For a contraction semigroup [T(t), t > 0] on H there are 
reducing subspaces HW and HWL such that 
where 
H -= H, 0 HwL, 
Hw = {x in H; T(t)x + weakly, t -+ m} 
= {x in H; T(t)*x + 0 weakly, t + CO}, 
and T(t) I HWL is unitary. 
505l38/1-5 
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Theorem 2.1 and the fact that unitary operators are just a special case of 
isometric operators motivate the next proposition. 
PROPOSITION 2.1. Let [T(t), t > 0] (resp. [T(t)*, t > 01) be a contraction 
setnigroup on H. Then the set of elements 
Hi(T) = {x in H, Ij T(t)x I/ = /I x 11, t 2 0}, (2.3) 
(resp.: Hi(T*) = {x in H, II T(t)*r II = /Ix 11, t >, 0}, (2.3*) 
is the maximal inwarkznt subspuce of [T(t), t 3 0] (resp. [T(t)*, t > 01) on which 
the semz&oup acts isometrically. The orthogonal complement in H of Hi(T) denoted 
by H,,i(T) (resp. of H,(T*) denoted by Heni( is inwuriant for [T(t)*, t >, 0] 
(ye@ [T(t), t 3 OIL and T(t)* 1 H,,i(T) (resp. T(t) 1 Heni( is compZetely 
nonunitary. 
Proof. We first show that Hi(T) as defined as a closed subspace of H. For 
this we only have to note that, since [T(t), t > 0] is a contraction semigroup, 
the operators [I - T(t)*T(t)], t > 0, are nonnegative. Hence it is easy to see 
that Hi(T) = fit>,, ker[l - T(t)*T(t)] which shows that Hi(T) is a closed 
subspace. 
Next for each t, s 3 0, and each x in H,(T): 
II T(s) TW II = II W + 4x II = II x II = II TW II, 
showing that T(t)x belong to Hi(T) for each x in Hi(T). Therefore Hi(T) is 
invariant for [T(t), t 3 0] and, by (2.3), T(t) 1 Hi(T) is isometric. It then follows 
that H,,i(T) is invariant for [T(t)*, t > 01. 
It remains to show that T(t)* I H,,i(T) is completely nonunitary. Suppose 
now that N is a nontrivial subspace of Hc&T) which is reducing for [T(t)*, 
t > 0] and T(t)* 1 N is unitary. Then clearly T(t) I N is isometric, which by 
(2.3) implies that N is contained in Hi(T). This of course is not possible unless 
N is trivial. Thus we have shown that the only subspace of H,,i(T) which 
reduces [T(t)*, t > 0] to a unitary semigroup is the trivial subspace (0). Therefore 
T(t)* I HCni(T) is completely nonunitary. Exactly the same arguments hold for 
the respective parts of the proposition. Finally the maximality of the subspaces 
Hi(T) and Hi(T*) is self-evident. This concludes the proof of the proposition. 
Let Pcni be the orthogonal projection operator onto Hcni(T). Then clearly 
[T(t)* I He&T)]* = P,,iT(t) Pcni . It then follows from this proposition and 
from Theorem 2.1 that the contraction semigroup [PcntT(t) Peni, t > 0] is 
also completely nonunitary. Actually more is true. Suppose that N is a nontrivial 
subspace of H,&T) and it is such that the compression P,[P,,lT(t) Peni] PN 
is isometric. Then by Lemma 2.1 and since P,[P,,,T(t) P&j PN = P,T(t) PN , 
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the subspace N is also invariant for [T(t), t > 01, and consequently T(t) j N 
is isometric. But this, by the maximality of Hi(T), implies that N c Hi(T) 
which is not possible unless N is trivial. 
The above suggests the following notion: 
DEFINITION 2.2. A contraction operator T on H is said to be completely 
nonisometric (cni) if (01 is the only subspace invariant for T and on which the 
operator acts isometrically. 
Combining Proposition 2.1 and Theorem 2.1 we obtain yet another decom- 
position theorem for Hilbert space contraction semigroups. 
THEOREM 2.3. For a contraction semigroup [T(t), t > 0] and its adjuint 
semigroup [T(t)*, t > 0] on H, 
Hu = Hi(T) n Hi( T*). (24 
Therefore H admits the orthogonal decompositions: 
H = &ni(T) 0 H&u(T) 0 Hu , (2.5) 
= Hcni( T*) @ H:nu( T*) @ HI, , (2.5*) 
where some of the subspaces on the right-hand sides may be trivial, and 
0 H,w( T) (resp. &u( T*)) is invariant for [T(t)*, t 2 0] (resp. [T(t), t > 01) 
and the compression of [T(t), t > 0] (resp. [T(t)*, t > 01) to Hcni(T) (resp. 
Hcnt( T*)) is completely nonisometric; 
0 f&,(T) (rev. Hk#‘*N is invariant for [T(t), t > 0] (resp. [T(t)*, 
t > 0]), T(t) 1 H&,(T) (resp. Z’(t)* 1 HAnu(T*)) is completely nonunitary and 
isometric, and 
f&(T) = Hen” 0 &i(T) = Hi(T) 0 Hu = Hcnu n Hi(T), (2.6) 
(resp.: HE&T*) = I&,, 0 H&T*) = Ht(T*) @ H,, = Hcnu n Hi(T*), 
(2.6”) 
0 Hu is reducing and the restrictions of the semigroups to it are unitary. 
Proof. The proof is all but trivial. Equation (2.4) is a direct consequence of 
(2.2), (2.3) and (2.3)*. It then follows that Heni and Hcni(T*) are both 
contained in Hcnu . 
subspace Hi,(T) 
Therefore (2.9, (2.5)*, (2.6) and (2.6)* follow readily. The 
is invariant for [T(t), t > 0] since it is the intersection of two 
such subspaces, by (2.6). The restriction of the semigroup to H,&,(T) is, 
again by (2.6), clearly completely nonunitary and isometric. Similarly for the 
respective parts. This finishes the proof of the theorem. 
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The decompositions (2.5) and (2.5*) can actually be combined. To see this 
we substitute for Hcnu in (2.6) by its expression from (2.6*): 
f&p) = [Hcni(T*) ~3 &u(T*)l n Hi(T). 
But 
by (2.4). Therefore 
Similarly, 
H&J T*) = HC,l( T) n Hip*). (2.7”) 
These show that H,&(T) and E&J T*) are subspaces of H,,i( T*) and Hc,r( T), 
respectively. Let %&i denote the orthogonal complement in E&( T*) of H&,,(T) 
then it is clear that 
&U = &I( T*) n [fkd T)li 
= &l(T*) n [&i(T) 0 H,] 
= H,,i( T*) n &i(T). w3) 
It then follows that Z&t is also the orthogonal~ complement in Hcnt( 2’) of 
%lll(T*). 
Combining these observations with Theorem 2.3 we obtain 
COROLLARY 2.1. Let [T(t), t > 0] and [T(t)*, t 2 0] be cotptrtitiun semi- 
groups on H. Then H admits the orthogonal decomposition 
H = &m(T*) 0 &n, 0 &m(T) 0 Hu , (2.9) 
where 
G,i = &i(T) n f&U*), 
= f&(T) 0 Htnu(T*), (2.10a) 
,’ = Hcni(T*) 0 &u(T), (2. lob) 
and the compressions of the semigroups to 2’ cni are completely nonisometlic. 
Remarks. 1. The subspace &&r, by (2.1Oa), is the “difference” of two 
invariant subspaces of [T(t)*, t > 01. Hence it is called “semi-invarMt” for 
[T(t)*, t 3 01. Similarly, from (2.10b), it is also semi-invariant for [T(t), t > 01. 
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2. It is clear from (2.5) and (2.5*) that “cni * cnu.” This can also be 
seen from the simple fact that if a contraction semigroup is cni then it cannot 
have any nontrivial invariant subspace on which it acts isometrically. Therefore 
it cannot have any nontrivial subspace which reduces it to a unitary semigroup, 
i.e., it is cnu. The reverse implication is, of course, not generally true. 
3. If [T(t), t 2 0] is a cni contraction semigroup then-unlike the cnu 
case- its adjoint semigroup [T(t)*, t > 0] need not be cni. In fact it is, in 
general, a cnu contraction semigroup. 
4. If [T(t), t 3 0] is a semigroup of isometries then clearly H = Ni( T), 
Hcnl( 7’) =: {0), and H,, = Hi( 7’*). Therefore (2.5) becomes 
H = H:,,( 2’) [ = H,,,] @ Hu [- HI( T*)]. 
Also, since H~,,(I’*) = (0) by (2.6*), (2.5*) becomes 
(2.11) 
H q = H,,,(T*) [= H cnu -= &nu( T)] 0 H, [ = lf,(T*)]. (2.11*) 
The subspace H,!,,(T) is now reducing; therefore (2.11) yields the Wold 
decomposition for isometries [6]: 
T(t) = 7’En&) 0 T,(t), t ;:: 0 , (2.12) 
where T,&“(t) = T(t) 1 Hi,,,(T) is cnu and isometric, and T,(t) ::= 7’(t) ! H, is 
unitary. Similarly we obtain from (2.11*): 
v>* = T&*(t) 0 T,(t), t > 0, (2.12*) 
where 7’&(t) = T(t)* I Heni - IS cni and, of course, T&,(t) = r7&(~)]*. 
We are now ready to discuss s-stability of Hilbert space contraction semi- 
groups. 
First, it is clear that if a contraction semigroup [T(t), t > 0] is s-stable on all 
of H: /I T(t)x 11 + 0, t -+ 0, for each x in H, then it must be completely non- 
isometric. Otherwise there would be a nontrivial subspace N (say) such that 
1) T(f)x 1; -= 1) x I), for each t 3 0 and each x in N. This implies that the semi- 
group is not s-stable on N, which leads to a contradiction, 
Next, suppose that [T(t), t >, 0] is completely nonisometric on all of H. Then, 
since Hi(T) is now trivial, IfA& T) = (0}, therefore by (3. lob) .%?&i ==: Heni 
and (2.9) becomes 
H .= zf:“,( T*) @ HC”l( T*) = If&T). (2.13) 
Let now P& and P,,,, be the orthogonal projection operators from H onto 
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Hk,,( T*) and Hc&T*), respectively. Then [T(t), t > 0] can be decomposed 
as follows, for each t 3 0: 
T(t) = PkJ(~) PZcnu + P*cd(t) Pfcnu + P*eniT(t) P*& ) 
where we have made use of the fact that the subspace Heni is invariant for 
the semigroup [T(t), t 2 01. We have, for each x in H and each t >, 0: 
II w>x II G II &nuW) emnl~ II + II P*mT(t) P:CIl”x II 
+ II p *cd(t) p*cnix I!. (2.14) 
It is well known that the adjoint of a cnu and isometric semigroup is s-stable [8]; 
therefore: 
II &*uT(t) PZCIl”X II - 0, t -+ co, for each x in H,&,(T*). 
Thus we can conclude that if the second and third terms on the right-hand side 
of (2.14) converge strongly to 0 as t goes to 03, then the cni contraction semigroup 
[T(t), t 3 0] is s-stable on all of H. This is indeed the case as in the following 
proposition. 
PROPOSITION 2.2. Let [T(t), t > 0] be a contraction semigroup on H. Then 
(i) If [T(t), t > 0] is s-stable then it is completely nonisometric. 
(ii) If [T(t), t >, 0] is completely nonisometric and the subspace H,,i(T*) 
is trivd, then the semigroup is s-stable. 
Finally we note that if [T(t), t > 0] is a normal-i.e., for each t > 0: 
T(t)*T(t) = T(t) T(t)*-contraction semigroup. Then clearly 
H,(T) = Hi(T*) = H,, o H,&T) = HCni(T*) = Hen,, . 
Thus in this case completely nonisometric and completely nonunitary are 
equivalent. This of course includes the class of self-adjoint contraction semi- 
groups as a particular case. We now prove 
PROPOSITION 2.3. A normal contraction semifloup [T(t), t 3 0] on H is 
s-stable if and only if it is completely nonisometric. 
Proof. Let [T(t), t > 0] be a normal contraction semigroup on H. Then, 
for each t > 0 and each x in H: 
II T(t/2)*T(t/Z)x I$ = [T(t)*T(t)x, x] = j/ T(t).% 112. (2.15) 
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Set Y(2t) = T(t)*T(t), t > 0, then it can be shown that [Y(t), t 3 0] is a 
self-adjoint contraction semigroup on H [9]. Therefore (2.15) can be written as 
II wx II2 = P-W% 4 = II =m)x l12Y for t > 0 and each x in H. (2.16) 
This shows the interesting fact that the two semigroups [T(t), t > 0] and 
[F(t), t > 01 h s are the same cni subspace, i.e., H&T) = H&Y). Therefore 
[T(t), t > 0] is cni if and only if [Y(t), t > 0) is. 
To proceed further we recall the following consequence of the Nagy-Foias 
theorem and Foguel’s theorem-Theorems 2.1 and 2.2 [8]: “a completely 
nonunitary contraction semigroup [s(t), t > 0] (say) on H is w-stable: [S(t)x, 
y] -+ 0, t -+ GO, for each x, y in H.” Now, if the semigroup [Y(t), t > 0] is 
cni-and therefore cnu also by the above remark- then it is w-stable which, 
by (2.16), implies that it is also s-stable. Hence so is the normal and cni contrac- 
tion semigroup [T(t), t > 01, again by (2.16). This finishes one half of the 
proposition; the other half is self-evident from Proposition 2.2(i). 
We close this section with some basic properties of contraction semigroups. 
LEMMA 2.2[10]. Let A be a closed operator with domain 9(A) dense in H. Then 
(i) A gemzrates a contraction semigroup on H if and only if it is maximal 
dissipative, i.e., 
Rel& xl < 0, for each x in 9(A), 
and A does not admit any dissipative extension in H. 
(ii) A generates an isometric semigroup if and only if it is maximal 
dissipative and 
Re[Ax, x] = 0, for each x in B(A). 
(iii) A generates a unitary semigroup if and only ;f A = -A*. 
It follows at once from this lemma, Theorem 2.1, and Proposition 2.1 that 
COROLLARY 2.2. Let [T(t), t > 0] be a contraction semigroup with generator 
A on H. Then 
(i) The subspaces 9(A) n H,, and 9(A*) n HU are identical, dense in 
HU , and 
Re[Ax, x] = 0 = Re[A*x, x], fn- each x in .9(A) n H,, . 
(ii) The subspace d(A) n H,(T) is dense in H,(T), and 
Re[Ax, x] = 0, for each x in .9(A) n H,(T). 
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3. STRONG STABILIZABILITY OF HILBERT SPACE CONTRACTION SEMIGROUPS 
Let [T(t), t > 0] be a contraction semigroup with generator -4 on H. As 
mentioned in the Introduction, we associate the semigroup and its generator 
with a system (A, B). Our concern here is to find a feedback operator F- 
if possible-so that the semigroup [Z(t), t > O] generated by t2 + BF is s-stable 
on H. 
We begin by quickly recalling the important notion of controllability in 
control theory. For an elegant treatment of Hilbert space control theory we 
refer to [ll]. 
For a system (A, B) the controllable subspace, denoted by MC(A, B), is 
defined as 
M,(A, B) = u T(t) BU. 
f>O 
The orthogonal complement in H of M&4, B), denoted by M&A, B), is 
called the uncontrollable subspace of the system and clearly 
M,,(A, B) = f-j ker B*?‘(t)*. 
t>o 
If M&4, B) == H, equivalently M&A, B) = {0}, then the system (A, B) is 
said to be (approximately) controllable. 
Since A* generates the adjoint semigroup [T(t)*, t > 0] we associate with 
(A, B) the system (A*, B) which, of course, is defined by the equation 
ff = A*xi Bu. 
Thus for (A*, B) we have 
and 
MJA*, B) = u T(t)*BU, 
00 
M,,JA*, B) = n ker B*T(t). 
w 
We now define 
DEFINITION 3.1. If the system (A*, B) is controllable then the system (A, B) 
is said to be *-controllable. 
A subspace M of H is said to be controllable (resp. *-controllable) if M C 
M,(A, B) (resp. M C M,(A*, B)). Similarly, if MC M&A, B) (resp. M C 
M&A*, B)) then M is said to be uncontrollable (resp. *-uncontrollable). 
It follows easily from the above that 
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LEMMA 3.1. (i) M&4, B) (resp. M&l*, B)) is iavariurzt jbr [T(t), t 2 O] 
(resp. [T(t)*, t > 01). 
(ii) Mu&% B) (ye@ Mu&f*, B)) is the maximal invariant subspace in 
ker B* of the semigroup [T(t)*, t 3 0] (resp. [T(t), t > 01). 
The next lemma shows that controllability is invariant under any bounded 
linear feedback. 
LEMMA 3.2. Let F be a bounded linear feedback of the systems (A, B) and 
(A*, B), and let [T(t), t > 01, [Z(t), t > 0] and [W(t), t 3 0] be the semz&oups 
generated by A, A + BF, and A* + BF, respectively. Then 
T(t) *x = Z(t)*x, for t > 0 and each x in M&A, B), 
T(t)x = W(t)*x, for t 3 0 and each x in M&A*, B). 
(3.1) 
(3.2) 
If the feedback F is such that BF is bounded linear and disszpative, then 
T(t)x = Z(t)x, for t > 0 and each x in M,,(A*, B). (3.3) 
Proof. Since A and A* generate C,, semigroups and since BF is bounded 
linear, the semigroups [Z(t), t > 0] and [W(t), t 3 0] are of the same class. 
From the identities [I 11: 
T(t)*x = Z(t)*x - 
s 
t Z(t - s)*F*B*T(s)*x * ds, for t > 0 and x in H, (3.4) 
0 
and 
Z(t)*x = T(t)*x + 1” T(t - s)*F*B*Z(s)*x . ds, for t >, 0 and x in H, (3.5) 
0 
we see that (3.1) follows easily from the definition of the uncontrollable subspace 
M,,(A, B). Similarly for (3.2). It remains to show (3.3). l?or this we first note 
that since BF is bounded linear and dissipative: 
2 Re[BFx, x] = [(BF + F*B*)x, x] < 0, for each x in H, 
the operator -(BF + F*B*) is nonnegative. Therefore BFx = 0 if and only 
if F*B*x = 0. This together with the identities between [T(t), t > 01, [Z(t), 
t 3 0] and [W(t)*, t 3 O]-similar to (3.4) and (3.5)-will prove (3.3). This 
completes the proof of the lemma. 
We now need some preliminary results before getting to our main stabiliza- 
bility results. 
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LEMMA 3.3. Let [e Dt t > 0] be the unzformly continuous contraction semi- ,
group generated by a bounded linear dissipative operator D on H. Then 
(i) Hi(eDt) = Hi(eD*‘) = HU(eDt), 
and 
ker D C HU(eDf) C ker(D + D*). 
(ii) In particular if -D is nonnegative then HU(eDt) = ker D, and Re[Dx, 
x] = 0 if and only ;f x belongs to HU(eDt). 
Proof. For the first half of (‘) I we only have to observe that, for each x in 
H: Re[Dx, x] = Re[D*x, x], and the operator -(D + D*) is nonnegative. 
Therefore by Corollary 2.2(ii): 
Dx = -D*x, for x in H,(e”“). 
This shows that Hd(eDt) = Hi(eD*f), and therefore by (2.4) they are also equal 
to H,,(eDt). To show the second half of (ii) we use the fact that ker D = ker D*- 
as in the proof of Lemma 3.2. Thus we have 
.@tx = .y = eD*tx for t > 0 and each x in ker D. 
This implies that ker D is reducing and eDt 1 ker D is unitary, therefore ker D C 
HU(eDt) by the maximality of HU(eD’). Next, for each x in HU(eDt) 
2 Re[Dx, x] = 0 = [(D + D*)x, x]. 
Therefore, since -(D + D*) is nonnegative, HU(eDt) C ker(D + D*). This 
completes the proof of (i). 
Part (ii) is a direct consequence of part (i) and of the fact that the operator D 
is now self-adjoint. This finishes the proof of the lemma. 
We can now prove 
THEOREM 3.1. Let [T(t), t > 0] be a contraction semigroup with generator A 
on H, and let [Z(t), t > 0] be the contraction semigroup generated by (A + D)- 
where D is a bounded linear dissipative operator on H. Then 
Hi(Z) C Hi(T) n Hi(eDt), 
provided the subspace H&Z) is invariant for the two semigroups [T(t), t > 0] and 
[eDt, t 2 01. 
Proof. The semigroup [Z(t), t >, 0] is obviously a contraction semigroup. 
We have using, Corollary 2.2(ii), 
Re[(A + D)N, x] = 0, for each x in 9(A + D) n Hi(Z) (=9(A) n H&Z)), 
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or 
Re[Ax, X] = 0 = Re[Dx, x], for each x in B(A) n Hi(Z), (34 
where we have made use of the fact that both A and D are dissipative. It then 
follows from Lemma 2.2(ii) and the first half of (3.6) that if Hi(Z) is invariant 
for [T(t), t 3 0] then the semigroup is isometric on 9(A) n Hi(Z), hence it is 
also isometric on Hi(Z) by the denseness of 9(A) n E&(Z). This of course 
implies that Hi(Z) C Hi(T), by the maximality of Hi(T). Simifarly, from the 
second half of (3.6) and from Lemma 3.3(i) we see that Hi(Z) 2 Hi(eDt). This 
completes the proof of the theorem. 
The invariant condition of the subspace Hi(Z) in the above can be weakened 
as in the next corollary. 
COROLLARY 3.1. Let [T(t), t > O] and [Z(t), t > O] be us in Theorem 3.1. Then 
(i) Hi(Z) C ker D =z= Hi(Z) C Hi(eDt). 
(ii) 1f the operator -D is nomzegutiwe then: 
Hi(Z) C Hi(T) n ker D = Hi(T) n Hi(eDt). 
Proof. For (i) we only have to observe that the operators A and A + D 
are identical on ker D. Therefore if Hi(Z) C ker D then 
T(t)x = Z(t)x, for t 3 0 and each x in 9(A) n H,(Z). 
This implies that the subspace 9(A) n Hi(Z) is also invariant for [T(t), t 3 01, 
since it is already invariant for [Z(t), t > 01. Hence (i) holds by Theorem 3.1 
and Lemma 3.3(i), and since .59(A) n Hi(Z) is dense in Hi(Z). 
Part (ii) follows easily from (3.6)-keeping in mind that D is self-adjoint- 
part (i) and Lemma 3.3(ii), and we are through. 
We are now ready to present our stabilizability results. We prove 
THEOREM 3.2. Let (A, B) be a system for which A generates a contraction 
semigroup [T(t), t > 0] on H, and let [Z(t), t > 0] be the contraction semigroup 
generated by A + BF, where the feedback operator F is such that BF is bounded 
linear dissipative on H. Then 
(i) If Hi(Z) C ker F*B* 07 if -BF is nonpiegative, then: 
Hi(Z) C Hi(T) n M&A*, B). 
(ii) Stabiiizability of (A, B) by the feedbacR F implies that subspace Hi(T) 
is *-controllable, i.e., Hi(T) C MC(A*, B). 
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(iii) *-controllability of Hi(T) ’ pl zm ies that the semigroup [Z(t), t -3 0] is 
completely nonisometric. 
Proof. (i) We have from Corollary 3.1: 
Hi(Z) C Hi(T) n ker F*IP. 
Moreover from the proof of that corollary we also know that Hi(Z) is invariant 
for [T(t), t > 01. Therefore part (i) holds by Lemma 3.l(ii). 
(ii) If (A, B) is s-stabilizable by F, i.e., .Z(t)x - 0, t -F cc, for each 
x in H. Then, by (3.3): 
for each .v in M,,(A*, B): T(t)x = Z(t)x -+ 0, t - aJo. 
Therefore III&A*, B) must be contained in Hc,i( T), by Theorem 2.3. This is 
equivalent to Hi(T) C M,(A*, B). 
(iii) If Hi(T) is *-controllable then, by the result of part (i), Hi(Z) is 
trivial. Therefore [Z(t), t > O] is completely nonisometric. This finishes the 
proof of the theorem. 
It is evident from this theorem that “-controllability does not, in general, 
imply s-stabilizability. In fact for the cni semigroup [Z(t), t > O]-of Theorem 
3.2(iii)-to be s-stable, i.e., for (A, B) to be s-stabilizable, we also need to require 
-according to Proposition 2.2(ii)-that the subspace H&Z*) = {0}, equiva- 
lently Hr(Z*) == H. Now it is easy to see from the proof of Theorem 3.2(i) that 
we can also have the following relationsip: 
H&Z*) C Hi@“*) n M&L B). (3.7) 
It follows from this that if (A, B) is controllable then Hi(Z”) is trivial. Therefore 
in this case controllability does not imply s-stabilizability. Moreover, requiring 
that Hi(Z*) = H is equivalent to saying that the semigroup [Z(t)*, t 2 0] 
is isometric on all of H. This, by Lemma 2.2(ii), is true if and only if 
Re[(A* + F”B*)x, x] = 0, for each x in SS(A*), 
or 
Re[A*r, x] = 0 = Re[F*B*x, x], for each x in 9(A*), (3.8) 
by the fact that A” is dissipative and BF is bounded linear dissipative-hence 
so is F*B*. But the first half of (3.8) implies-again by Lemma 2.2(ii)-that 
the semigroup [T(t)*, t 3 0] has to be isometric which, of course, is not 
generally the case, However, from these discussions we can state the following 
special result. 
PROPOSITION 3. I. Let (A, B) be a system for which A generates a contraction 
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semigroup [T(t), t > 0] which is such that its aajoint semigroup [T(t)*, t > 0] is 
isometric on H. Then (A, B) is s-stabilizable by a bounded linear feedback F which 
is such that Re[BFx, X] = 0, for each x in H, ;f and only if the subspace H,(T) 
is *-controllable. Therefore, in this case, *-controllability implies s-stabilizability. 
Next we prove 
THEOREM 3.3. Let (A, B) be a systemfor which Agenerates a normal contraction 
semigroup [T(t), t 3 0] on H. Then (A, B) is s-stabilizable by a feedback F which 
is such that -FB is nonnegative, if and only if the subspace Hi(T) is controllable or 
“-controllable. Hence, in this case, either controllability or *-controllability will 
imply s-stabilizability. 
Proof. First we note that the semigroup [Z(t), t > 0] generated by A + BF 
is also a normal contraction semigroup, since A generated the normal contraction 
semigroup [T(t), t > 0] and -BF is self-adjoint and nonnegative. We have 
from Theorem 3.2(i) and Eq. (3.7): 
and 
Hi(Z) C Hi(T) n %(A *, B), 
Hi(Z*) C Hi(T*) n M,x(A, B). 
Therefore, since the two semigroups are normal: Hi(T) = Hi(T*), and Hi(Z) = 
Hr(Z*)-by a previous remark, 
Hi(Z) C Hi(T) n M,,(A, B) n M&A*, B). (3.9) 
This shows that if either Hi(T) is controllable or *-controllable, then Hi(Z) 
is trivial. Therefore [Z(t), t 3 0] is s-stable by Proposition 2.3, and one half of 
the theorem is proven. The other half follows readily from Theorem 3.2(ii). 
This completes the proof of the theorem. 
It is evident that the feedback F = -B* is a candidate for Theorem 3.3. 
Also if [T(t), t > 0] is a self-adjoint contraction semigroup then, since A = A*, 
controllability and *-controllability are identical. We have as a corollary of 
Theorem 3.3: 
COROLLARY 3.2. If (A,B) is a system for which A generates a self-adjoint 
contraction senugroup. Then a necessary and su@ient condition for (A, B) to be 
s-stabilizable by the feedback F of Theorem 3.3 is that the uncontrollable subspace 
M,,,(A, B) be s-stable. Here controllability implies s-stabilizability. 
Proof. From Theorem 3.3, Hi(T) C M,(A, B) * M&A, B) C Heni( 
But by Proposition 2.3 the semigroup is s-stable on He,,,(T); hence M&A, B) 
must be s-stable. 
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We now give another situation in which either *-controllability or controlla- 
bility will imply s-stabilizability. For this we first need 
LEMMA 3.4. If A has a compact resolvent andgenerates a contraction semigroup 
[T(t), t 2 0] on H, then 
(i) For [T(t), t >, 01, w-stability and s-stability are equivalent. 
(ii) [T(t), t 2 0] is s-stable if and only if [T(t)*, t 3 0] is. 
Proof. The proof of(i) follows from the fact that the resolvent of R is compact 
and [T(t), t >, 01 is a contraction semigroup; see [4]. 
For (ii) we only have to observe that if [T(t), t > 0] is s-stable then [T(t)*, 
t > 0] is w-stable. Therefore the conclusion follows readily from (i). This 
finishes the proof. 
We can now prove 
THEOREM 3.4. Let (14, B) be a system for which A has a compact resolvent and 
generates a contraction semlgroup [T(t), t > 0] on H. Let [Z(t), t 3 0] be the 
contraction semigroup generated by A + BF with -BF nonnegative. Then 
(i) For [T(t), t 3 01: 
Hcni( T) = Hcn~( T*) = Hcnu = Hw , 
where HW is the subspace given in Theorem 2.2. 
(ii) For the semigroup [Z(t), t > 01: 
Hi(Z) C Hi(T) n Mu&% B) n &,(A*, 4. 
(iii) (A, B) is s-stab&sable by the feedback F if and omy if Hi(T) is either 
controllable or *-controllable-equivalently, either M&A, B) or M&A*, B} 
is s-stable. Therefore either controllability w *- controllubility will imply s-stabika- 
bility. 
Proof. To show (i) we recall that H&T) C Hcnu-by Theorem 2.3-and 
Hcnu c H,--by Theorems 2.1 and 2.2. Therefore 
&i(T) C f&u C Kv . (3.10) 
But from Lemma 3.4(i) it is evident that the semigroup [T(t), t > 0] is also 
s-stable on HW . This implies that HW C H,,*(T) which, on combining with 
(3.10), gives H&T) = Henu = HW . Exactly the same arguments hold for 
Hcd(T*) since A* also has a compact resolvent and generates the contraction 
semigroup [T(t)*, t > 01. This completes the proof of (i). 
*-CONTROLLABILITY AND STARILIZARILITY 77 
For (ii) we note that, since A + BF also has a compact resolvent, the semi- 
group [Z(r), t > 0] also satisfies part (i). Therefore (ii) holds-as in the proof 
of Theorem 3.3. 
Finally, the proof of (iii) is exactly the same as that of Theorem 3.3, keeping 
in mind that both [T(t), t > 0] and [Z(t), t 3 0] satisfy Lemma 3.4(ii) This 
completes the proof of the theorem. 
We note that Theorem 3,4(iii) is similar to Corollary 3.3 of [4], except that 
there the feedback F = -B* was used, and only controllability was involved. 
Also the results in [4] were proven via w-stability. 
In the above, since the semigroups are s-stable on H,&T), we can regard 
Hr( T) as an %nstubZe” set of states of the systems. Thus it follows that, for the 
semigroups under consideration, controlZ&lity OY * -controllability of the unstable 
set Hi(T) is necessary and sujkient for s-stabilizability. This is also true for w- 
stabilizability of any contraction semigroup, since it is easy to see from (2.4), 
Theorem 3.2(i), and (3.7)-see also [12]- that 
J&(Z) C H,(T) n M&% B) n M&A*, B), (3.11) 
and since completely nonunitary contraction semigroup is w-stable [8]. However, 
it is interesting to observe from (3.11) that w-stabilizability can also be achieved 
when &&,(A, B) n &&(A*, B) = {O}! 
Finally we close the section with an illustrative example. Take H = L,[O, 2~1 
and consider the contraction semigroup [T(t), t > 0] defined by 
T(t)x = 2 e-n*t[x, Al q& ,
-m 
for each x in H, 
where I$,, = einc/(2?r)l12, for 4 in [0,21~] and for n = 0, +l, f2,... . We now 
characterize the subspace Hi(T). We have 
Hi(T) = 
! 
x in H, /I T(t)x iI2 = 5 e-2n’t I[x, &J12 = 11 x (j2, t > 0 . 
-52 I 
Therefore it is clear that 
Consequently, 
&l(T) = span{+, n = -fl, h2 ,... }. 
The semigroup [T(t), t > 0] is also self-adjoint; therefore 
Hi(T) = Hi( T*) = H,, = {r$,,}, 
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and it follows from Proposition 2.3 that it is s-stable on Hcni( 2’) and unstable on 
Hi(T). Therefore, by Corollary 3.2, [T(t), t > 0] is s-stabilizable as soon as the 
unstable state $,, is controllable. 
The generator A of [T(t), t > 0] is clearly A = a;‘/&$, and its domain is 
S?(A) = {X in H, x and X’ are absolutely continuous, X’ and 
X” in H, x(O) = x(2rr), and x’(0) = x”(2rr)). 
Take B be an element b(f) of H; then we find 
Hence 
Mu,(A, 6) = {x in H; [T(t)b, x] = 0, t 3 01, 
- (3 in H, x I T(t)b, t 3 01. 
M,(A, B) = {y in H, [T(t)&>!] # 0, t 9 O}. 
We now choose F = -b*-which is, of course, a bounded linear functional 
on H-then 
(A - bb*)x = Ax - b[x, b], for each x in S?(A). 
The contraction semigroup [Z(t), t > 0] generated by A - bb* then satisfies 
Hi(Z) C {&) n {x in H, E 1 T(t)b, t 2 O}. 
Therefore if the unstable state rJO is controllable then [Z(t), t 2 0] is s-stable, 
i.e., [T(t), t > 0] is s-stabilizable. We conclude from the above that any b in H 
for which [b, +,,I + 0 will result in a feedback -b* which will s-stabilize the 
system (A, B). 
4. CONCLUSION 
In finite-dimensional systems, stabilizability of a system (A, B) is equivalent 
to the “unstable modes” being controllable, while controllability of (A, B) 
is equivalent to the pole assignment property-this of course is stronger than 
stabilizability. Thus, for finite-dimensional systems, controllability implies 
stabilizability. These results were obtained independently by various authors: 
Langenhop [13], Popov [14], Bass and Gura [15], and Wonham [16]-for a 
historical account see Willems and Mitter [17]. However, we should note that 
the result “controllability implies stabilizability ” is also a consequence of the 
linear quadratic regulator theory. 
The implication controllability 3 stabilizability does not generally hold in the 
non-finite-dimensional case, as illustrated by a number of counterexamples by 
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Triggiani [18]. In this paper we have introduced the notion of *-controllability, 
and it turns out that for the class of semigroups studied here, *-controllability 
implies s-stabilizability and, in some cases, either controllability or *-controlla- 
bility will imply s-stabilizability. These, as far as we know, have not been pointed 
out before. 
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